A nonlinear equation is derived that governs the evolution of the amplitude of unstable oscillations with account of quantum diffusion effects due to the synchrotron radiation. Numerical solutions to this equation predict a variety of possible scenarios of nonlinear evolution of the instability some of which are in good qualitative agreement with experimental observations.
INTRODUCTION
Microwave single bunch instability in circular accelerators has been observed in many machines. The instability usually arises when the number of particles in the bunch exceeds some critical value, N,, which varies depending on the parameters of the accelerating regime.
Recent observations on the SLC damping rings at SLAC [ 11 with a new low-impedance vacuum chamber revealed new interesting features of the instability. In some cases, after initial exponential growth, the instability eventually saturated at a level that remained constant through the accumulation cycle. In other regimes, relaxation-type oscillations were measured in nonlinear phase of the instability. In many cases, the instability was characterized by a frequency close to the second harmonic of the synchrotron oscillations.
Several attempts have been made to address the nonlinear stage of the instability [2, 3, 41 based on either computer simulations or some specific assumptions regarding the structure of the unstable mode. An attempt of a more general consideration of the problem is carried out in this paper. We adopt an approach recently developed in plasma physics for analysis of nonlinear behavior of weakly unstable modes in dynamic systems [5]. Assuming that the growth rate of the instability is much smaller than its frequency, we find a time dependent solution to Vlasov equation and derive an equation for the complex amplitude of the oscillations valid in the nonlinear regime. Numerical solutions to this equation predict a variety of possible scenarios of nonlinear evolution of the instability some of which are in good qualitative agreement with experimental observations.
BASIC EQUATIONS
We start from the equations of motion in longitudinal direction (see, e.g., Ref. [6] 
where z is the longitudinal coordinate, 6 is the relative energy deviation, 7 is the slip factor, the dot indicates differentiation with respect to time t, and 
In Eq. (4), Y D is the damping time for the amplitude of the synchrotron oscillations, and K is the diffusion coefficient associated with the quantum nature of the radiation. In the equilibrium state, the distribution function $J is given by Haissinski solution,
where OE = fi is the rms energy spread of the beam in the absence of the wake, and HO is the equilibrium Hamiltonian.
It is convenient to introduce dimensionless variables,
where C T~ is the rms length of the beam without wake, C T~ = CTE IqIc/wSo. In these variables, the Hamiltonian H takes the form 1 (6)
where the "potential energy" U is 
The Vlasov equation for F in terms of action-angle vari-
where w, = ws ( J ) is the frequency of synchrotron oscillations with the wake taken into account, w, ( J ) = dHo/dJ.
LINEAR THEORY
Suppose that FO ( J ) is the equilibrium distribution func- For simplicity, we will neglect here the effect of the synchrotron damping in the linear theory by dropping the Rterm in Eq. (10). This greatly simplifies the linear analysis and is usually assumed in the literature. However, it can be shown that the effect of the synchrotron damping is crucial for the nonlinear stage of the instability and will later be included in the derivation of the nonlinear equations. for Imw 5 0 the integral must be analytically continued into the lower half plane.
NONLINEAR THEORY
Let us assume that the instability has a threshold corresponding to a critical value of the parameter I = IC with the frequency at the threshold w = wc (Imw, = 0). We will be interested in the analysis of the nonlinear phase of the instability in the vicinity of the threshold when the growth rate of the instability, r, is much smaller than wc, r << w,.
It turns out that in this case one can separate a "slow" time scale on which the amplitude evolves from "fast" oscillations with the frequency w, and derive nonlinear equations for the evolution of the amplitude of the instability by averaging over w, [7] . (17) where IAucl >> IAVl. The first term in Eq. (17) describes oscillations with the eigenfunction U,, frequency w, and varying amplitude A (T), and the second term is a correction due to the deviation of the exact eigenfunction from U,.
It is important to emphasize here that A ( T ) is supposed to be a slow function of time, Id In A / & << wc.
Solving the nonlinear Vlasov equation iteratively, after cumbersome calculations that we omit because of the lack of space (see details in Ref. 
El2
The parameter g here plays a role of dimensionless growth rate of the instability that is measured in time units related to the synchrotron damping rate. Note that Eq. (18) contains only two real parameters, g and q5. The results for q5 = 0 are presented in Fig. 1 .
ANALYSIS
Even visual comparison of the instability signal from Ref.
[ 11 shows a clear resemblance to some of our curves. In one case (Fig. 5 of Ref. [ l]), after injection in the ring, the amplitude of signal from spectrum analyzer tuned to a sideband frequency began to grow monotonically and after some time of the order of synchrotron damping time saturated at approximately constant level. This situation is very similar to our Fig. la . In another case (Fig. 4 of Ref.
[ l]), oscillations with decreasing amplitude were observed, which can be identified with Further work is planned to make a more definite comparison of the theory with the experiment. a = 1 8 1 / 6 g 1 / 2 ( r (%) 1 cos q5) -'/' e-if tan 4, where I' (i)
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